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CN 1 Abstract 

Recall that Federer-Fleming defined the notion of flat convergence of submanifolds of 



Euclidean space to solve the Plateau problem. Here we prove the upper semicontinuity of 
Neumann eigenvalues of the submanifolds when they converge in the flat sense without losing 
volume. With an additional condition on the boundaries of the submanifolds we prove the 
Dirichlet eigenvalues are semicontinuous as well. We show this additional boundary condition 
is necessary as well as the condition that the volumes converge to the volume of the limit 
submanifold. As an application of our theorems we see that the Dirichlet and Neumann 
eigenvalues of a sequence of surfaces with a common smooth boundary curve approaching 
f"*^ ■ the solution to the Plateau problem are upper semicontinuous. This work is built upon 

Fukaya's study of the metric measure convergence of Riemannian manifolds. One may recall 
that Cheeger-Colding proved continuity of the eigenvalues when manifolds with uniform lower 
Ricci curvature bounds converge in the metric measure sense. While they obtain continuity, 
here, we produce an example demonstrating that continuity is impossible to obtain with our 
weaker hypothesis. 



What happens to the eigenvalues of the Laplace operator on manifolds when the manifolds 
converge? In case the manifolds in the sequence have uniformly bounded sectional curvatures and 
converge in the topology of metric measure spaces, Fukaya [5] shows that the eigenvalues of the 
Laplacian converge to the eigenvalues of a self-adjoint, positive operator on the limit space. In 
the same paper, Fukaya already conjectures that it should be possible to obtain the same result if 
^ , it is only known that the Ricci curvature is bounded from below. 

In the third of a series of papers, Cheeger and Colding [5] give a positive answer to the 
£SJ , conjecture. They show how you can define a Laplace operator on the limit space and that the 

eigenvalues of Laplace operators on the manifolds in the sequence converge. 

Sometimes it is useful to consider a topology different from the one of metric measure spaces. 
For instance, the intrinsic fiat convergence introduced by Sormani and Wenger |13) has been applied 
by Lee and Sormani [S] to show a version of stability of the Schoen-Yau Positive Mass Theorem 
[T2] . The idea is that manifolds induce currents on the underlying metric space. The intrinsic flat 
distance between those currents is calculated by taking the infimum of the flat distances between 
the push forwards of the currents under all possible isometries into all possible common metric 
spaces. One of the advantages of considering the induced currents, is that the notion of boundary 
is retained. 

We will look at the related question for flat convergence of currents in Euclidean space, as 
introduced by Federer and Fleming [7]. We wonder what happens to the eigenvalues of the 
Laplace operator on the manifolds when the induced currents converge in the flat distance to a 
limit current. As we do not assume any bounds on the curvature of the manifolds, we cannot 
expect that the eigenvalues will be continuous (c.f. [8] and Example [2]). As Fukaya .8 shows in 
the case of metric measure convergence, with a suitable definition of the eigenvalues on the limit 
spaces, they do exhibit semicontinuity. We obtain the following analogous theorem in case of flat 
convergence of the induced currents. 
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Theorem 1. Let Mi (i = I, 2, ... ) and M be smooth, oriented, compact Riemannian submanifolds 
of Euclidean space with (possibly empty) boundary, such that the currents induced by Mi as i — > oo 
converge in the flat sense to the current induced by M. Moreover, assume that Vol(-Mj) — > Vol(M). 
Then 

limsupAfeCMi) < Ajb(M), (1) 

i— foo 

where Xk is the kth eigenvalue of the (positive) Laplace(-Beltrami) operator on the manifold with 
Neumann boundary condition. 

The eigenvalues for the Dirichlet problem are also upper semicontinuous, as long as the bound- 
aries satisfy a one-sided Hausdorff convergence, as stated precisely in the following theorem. We 
will show in Example |3] that we cannot just remove this condition on convergence of the boundaries. 

Theorem 2. Let Mi (i — 1, 2, ... ) and M be smooth, oriented, compact Riemannian submanifolds 
of Euclidean space with boundary, such that Vol(Mi) — > Vol(M) and the currents induced by Mi 
as i — > oo converge in the flat sense to the current induced by M . Moreover, assume that for 
every e > 0, the boundaries dMi are eventually contained in the tubular e-neighborhood (dM) e of 
dM. Then, with Xk denoting the kth eigenvalue of the Laplace operator with Dirichlet boundary 
condition, 

limsupA fe (M i ) < A fe (M). (2) 

i— yoo 

Both theorems follow directly from the more general Theorems [3] and |U These theorems prove 
semicontinuity of functions A& defined on currents, that reduce to the eigenvalues of the Laplace 
operator if the currents are induced by manifolds. In order to get the semicontinuity, we assume 
that the currents converge weakly and the total mass of the currents does not drop in the limit. 

The following corollary provides an example application. 

Corollary 1. Suppose C is an oriented closed curve in R 3 that has a unique smooth area- 
minimizing surface M with dM = C . If Mj are submanifolds with the same boundary whose 
area converge to the area of M , and all of the Mj are contained in a ball of radius R > around 
the origin, then the limsup of the Dirichlet and Neumann eigenvalues of Mj are less than or equal 
to the corresponding Dirichlet and Neumann eigenvalues of M respectively. 

The existence of a smooth minimal surface follows directly from the theory of currents and 
the regularity theory for minimal currents. By the Federer-Fleming Compactness Theorem, every 
subsequence has yet another subsequence that converges in the fiat sense. Because we assume 
uniqueness of the minimal surface, the limit of all these subsequences is the same, and the Mj 
actually converge in the flat distance to the minimal surface. 

We will recall some properties of currents, and clarify our notation in Section [TJ Section [2] 
introduces the eigenvalue functions on currents and shows how they correspond to eigenvalues 
when the currents are induced by smooth manifolds. In Section [3] we will show the semicontinuity 
of the functions A& under weak convergence. Section U has an example showing the necessity of the 
assumption on the convergence of volumes, an example demonstrating that the eigenvalues are in 
general not continuous under flat convergence, and an example which shows that the assumption 
of the convergence of the boundaries is necessary in order to get semicontinuity of the eigenvalues 
for the Dirichlet problem. 

In future work, we hope to show the upper semicontinuity of the eigenvalues under intrinsic 
fiat convergence. 
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1 Some preliminary properties of currents 

We would first like to recall some properties of currents in Euclidean space. We refer to (TU] and 
[6] for details. 

An n-current T on (n < N) is a functional on the space V n of smooth differential n-forms 
on 1 N . We will write £ n for the space of n-currents. To T e £„ we associate a set function ||T||, 
initially defined only on open sets O by 

\\T\\(0) = sup{T( ( f > )\<f > eV n , \\<f>\\ < 1, supp(<£) C O}. (3) 

Here, for an n-covector <fi € A n M. N , ||</>|| represents the comass, 

W\\ = sup{(£,0) | £ € A„R W ,£ simple , |£| < 1}, (4) 

and |£| is the Euclidean norm of the simple vector £. If IjTlKR^) < oo, we say that T has finite 
mass. We will assume this condition is satisfied throughout the paper. Then ||T|| extends to a 
Radon measure on R w , for which we will use the same notation and which we refer to as the mass 
of T, see for instance [5J 4.1.7]. 

The mass is lower semicontinuous, in that for any open set O C R , and Ti — T weakly, 

||T||(0)<limmf||Ti||(0). (5) 

i— yoo 

If an n-current T has finite mass, it is representable by integration. That means that there 
exists a weakly ||T|| -measurable function £ : 1^ — > A n M. N , such that for ||T||-almost every x £ WL N , 
is a simple vector with \£(x)\ = 1, and for all <fr <= 2? n , 

T(0) = J(^Od\\T\\. (6) 

If both the mass of a current and the mass of its boundary are finite, the current is called normal. 
The boundary dT of an n-current T is an (n — l)-current defined by 

&T(oj) =T(du), for all a; e£> n _i- (7) 

We say an n-current is rectifiable if ||T|| is supported on a countably n-rectifiable set A, and 
||T|| is absolutely continuous with respect to H n \_A. In that case there exists a positive function 
9 on A such that 

T{4>)= ( {^i)edH n . (8) 



The current T is called an integral rectifiable current if 9 takes on integer values i? n -almost 
everywhere. 

The flat distance oIf between two n-currents S and T is given by 

d F (S,T) := infflltflKR") + \\V\\(R N ) \S-T = U + 8V,Ue £ n ,V e £ n+1 }. (9) 

If currents converge in the fiat distance, they converge weakly. 

By the set set(T) of an n-current T, we mean the set of positive lower density, that is the set 
where 

e.ndirii.x) ==iimmf l|r|l(g n (a ' r)) (10) 

is positive. The set set(T) of an integral rectifiable n-current T is the minimal possible choice of 
A in the representation ©. 

Every n-dimensional, orientable submanifold M in Euclidean space with finite volume induces 
an integer rectifiable n-current [\M\] on the space, by 

[|M|](w)= / w, ueV n . (11) 
Jm 

The notion of the boundary of a current and the boundary of a manifold correspond well with 
each other, in that for a smooth manifold M with boundary dM, 

[\8M\] = d[\M\]. (12) 
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2 Definition of eigenvalue functions 



The (positive) Laplace (-Beltrami) operator on a smooth manifold is an unbounded, self-adjoint 
operator and the spectral theorem applies. We wonder what happens to the spectrum when a 
sequence of manifolds converges. The notion of convergence that we are considering in this paper, 
is the one where the induced currents converge weakly to a limit current. The underlying set of 
the limit current is not necessarily a manifold anymore, but with the right conditions, it will still 
be rectifiable. 

For sets that are just rectifiable, it is not so clear what would be the definition of the Laplacian. 
If we would know additionally that the sets have a doubling condition and some sort of Poincare 
inequality, such a definition is possible (c.f. [2J[3]). 

In this paper, we would like to follow the approach by Fukaya [S], in which the eigenvalues 
are replaced by functions on the weaker space (in this case, the space of currents), that coincide 
with the eigenvalues when the elements in the weaker space actually come from manifolds. The 
definition is related to the min-max principle (c.f. [TTj). 

For k £ N, we define the functions Xk on the space of n-currents on WL N with finite, compactly 
supported mass as follows: if S is such a current, then 

Afc(6)= mf sup r , (13) 

A fc CC»(l») / G A*=\{0} I\f\ 2 d\\S\\ 

where the infimum is over all fc-dimensional subspaces A fe of C°°(R ) and by convention 

mum = «, (14) 

I\f\ 2 d\\s\\ 00 (14) 

when / is zero 1 1 5* |j -almost everywhere. 

Fukaya [5J (8.1)] similarly defines functions Xk on pairs (X,fj.) where /1 is a Borel measure on 
some Riemannian manifold L, whose support is contained in the subspace X C L. In fact, his 
definition does not really depend on X and could instead be seen as a definition of functions Xk 
on measures on I. If we take L = M . , X — M and the measure /1 = ||5||, then our definition 
corresponds exactly with Fukaya's. 

Besides associating a current, one can also associate a metric measure space (M, /j,m) to a Rie- 
mannian manifold M: the metric space would be the one induced by M, and //jvf = Vo1m/Vo1(M), 
where VoIm is the volume element of M. The measures /j,m and || [|M|]|| differ by a positive factor 
and therefore Xk([iM) according to Fukaya's definition, and A&([|M|]) as defined above are the 
same. 

Similarly, we define functions A^ on normal integer rectifiable n-currents S, for which the mass 
and the mass of the boundary are compactly supported, by 

h(S):= inf sup ^ V /f^ , (15) 

where A fc are fc-dimensional subspaces of C^°(K Ar \set OS). 

The following three Lemmas are all in the same spirit. They say that in certain cases in which 
the currents are induced by manifolds, the values of the A^ coincide with the eigenvalues of the 
Laplace operator on the manifolds. The first Lemma was stated but not proved by Fukaya in 
[5J Lemma 8.3], since the paper contained a proof of another Lemma that was similar but more 
difficult. We give a proof in this simpler case. 

Lemma 1. If M is a compact, smooth Riemannian submanifold of M. N without boundary, then 
Afc([|M|]) corresponds to the kth eigenvalue of the Laplace- Beltrami operator on M. 

Proof. For notational convenience, set S :— [\M\]. Let 7^ (A; = 1,2,...) denote the eigenvalues of 
the Laplace-Beltrami operator on M. By the min-max principle, 

. /|V M g| 2 rfVolM 

7fe = ml sup — r , (16) 

r*cC»(M) 9gr *\ {0} J \g\ 2 dVo\ M 
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where the inf is over all fc-dimensional subspaces of C°° (M) and V m is the intrinsic gradient on 
the manifold. 

Fix 8 > 0. By (fT5)) we can find a fc-dimensional subspace A k of C°°(M. N ) such that 

sup J nm^! <MS) + S. (17) 

Define 

T fc := {g G C°°(M)| 5 = /|m; / G A fe }. (18) 

Then T fc is a linear subspace of C°°(M). It is fc-dimensional, because of the convention ([14")) . 
Indeed, if /i, . . . , fk form a basis of A fc , then gi := fi\M (i = 1, . . . , k) span T k . Now let ai, . . . , ak G 
R be such that 

aiffi H 1- afefffe = 0. 

If we take / := ai/i + • • • + afc/fc, we see that ([Til) and (jTTJ) imply that / = 0. Hence ai = • • • = 
afe = 0, and the <7i are independent for i = 1, . . . , k. 

Since M is a compact, smooth manifold, there exists an e > such that in the tubular 
neighborhood M e C R w of M of size e, the shortest distance projection P : M t — > M onto 
the manifold is well-defined and smooth. On M, the map dP : TM e — > TM is the orthogonal 
projection onto the tangent space to M and Vm(/|m) = dP(Vf). We find |Vm(/|m)| < |V/|. 
Since also VoIm = \\S\\, 

sup n 12 ^? i — - su p rivi2wiigii < A fc(^) + ^- (19) 

9 er<=\{0} JwrdVolM feA*\{o} J \f\ d \\S\\ 

By (frg|) . we find 7^ < Afc(S') + <5 and since S > was arbitrary, 

7fe<A fe (5'). (20) 

Now let us prove the other inequality. If we write <pk for the fcth eigenfunction of the Laplace- 
Beltrami operator, and T k := span{(/>i, . . . , it holds that 

J |V M ff| 2 dVol M _ J |Vm^| 2 cCVoIm 
lk g e™\{0} I\9\ 2 dVol M f\M 2 dVo\ M ' 1 j 

Let p : R — ► [0, 00) be a smooth, even function, nonincreasing on the positive halfline such that 

pw=i 1 ' ( 22 ) 



0, d > 1. 



Define ip k G C°°(R ) by 



0*(P(x))p(d(a!,M)/e), i6M e 
0, a; G R w \M e 



W) = <L _„*\w (23) 



where d(x, M) denotes the distance from x to M. This definition implies that on M, <fik = "4>k 
and Viffk = VV'fe- Let A fc := span{V>i, • ■ • , ipk}- Since the functions ipi are independent when 
restricted to M, they are certainly independent as functions on R . It follows that A fe is fc- 
dimensional. Consequently, 

f\Vf\ 2 d\\S\\ J\V M g\ 2 dVo\ M 
Hence, Afc(S) = 7*.. □ 
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A similar statement holds for the Neumann eigenvalues in case the manifold has boundary. 

Lemma 2. If M is a smooth submanifold ofR N with boundary and M is compact, then Xk([\M\]) 
equals the kth eigenvalue of the Laplace- Beltrami operator with Neumann boundary conditions. 

Proof. The first part of the proof is exactly the same as in Lemma [TJ as (c.f. [4J Chapter 7]) also 
for the kth eigenvalue of the Laplace operator with Neumann boundary conditions, 7fc, 

. /|V M g| 2 dVolM 

7fc = mf _ sup 12^71 ■ (25) 

A<=cc~(Af) geAfc \ {0 } J\g\ 2 dVol M 

The same arguments as in Lemma [JJ show that 7fc < Afc . 

For the second part, M can be embedded into a smooth n-dimensional submanifold of Mr 
without boundary, M. By regularity theory, the eigenfunctions <f>k of the Laplace operator with 
Neumann boundary conditions can be extended to functions in C£°(M), for which we use the same 
notation. There is a tubular neighborhood U of M such that the shortest distance projection P 
onto M is well-defined and smooth in U. By choosing e small enough, the function 

f<t> k (P(x))p(d(x,P)/e), xeU, 
i>k(x) = < . (26) 

I 0, otherwise, 

with p as in the proof of Lemma [TJ is in C°°(M ). Moreover, on M the function values and the 
gradient correspond to those of 4>k ■ Hence Xk = "fk- d 

Finally, we have an analogous statement for the Dirichlet eigenvalue problem. 

Lemma 3. If M is a smooth submanifold of M. N with smooth boundary and M is compact, then 
Xk([\M\]) equals the kth eigenvalue of the Dirichlet eigenvalue problem for the Laplacian on M. 

Proof. For the kth eigenvalue of M (c.f. [U Chapter 6]), 

. /|V M g| 2 ^olM ro7 v 

7fe = mf sup . (27) 

r*cc~(M) gern{0} J \g\ 2 dYol M 

We can therefore apply the same arguments as in Lemma [JJ to show that jk £ Xk(S). 
For the opposite inequality, let S > and let f fc C C^ > °(]R Ar \set (OS)) such that 

J\V M g\ 2 dVol M 
9 ef*\{0} }\g\ 2 dVo\ M 

Let {gi, . . . , gk} be an orthogonal basis of T k with respect to the L 2 inner product on M. Every 
gi is compactly supported. There exists a neighborhood U of the support of in R N on which 
the shortest-distance projection onto M is well defined and smooth. We can then pick e > so 
small that definining /, by 

f t (x) := Ui{P{x))p{d{x,M)/e), x 6 U, 

I otherwise , 

with again p as in Lemma [TJ it is guaranteed that fi e C°°{R N \setdS). On M, fa = gi and 
Vm5i = V/j. Thus, if we define A k :— span{/i, . . . , //.}, then 

WQW /|V/| 2 rfV0lM J|VMff| 2 rfVQlA/ , ^ 

A fc 5) < sup r ; , l2 -1 — = sup — r ; jo -1 <7fc + ^- 30) 

/eA^\{o} JI/l 2 ^Vol M „ e f»\{0} jM 2 dVol M 

Because <5 > was arbitrary, we find Xk — "fk- d 
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3 Upper semicontinuity 

We will now show that under a certain condition on the currents that effectively prohibits cancel- 
lation of mass in the limit, the eigenvalues of the Laplace operator are upper semicontinuous. 

Theorem 3. Let Ti (i = 1,2,...) and T be compactly supported n-currents in M. N with finite 
mass and let Ti T weakly and ||Tj|| (R^) — » ||T||(R ). Then the functions Afc as defined in (13)) 
are upper semicontinuous. That is, for every k e N. 

limsup Afe(Tj) < Afc(T). (31) 

i— too 

We will use the following lemma, which shows weak convergence for the mass measures asso- 
ciated to the currents. 

Lemma 4. Assume that Ti (i — 1,2, ... ) and T are n-currents on M. N with Ti — ^ T weakly and 
\\Ti\\{WL N ) -> ||T||(R W ). Then for all 4> € C C (R N ), 

lim [ <f>d\\T4 = [ <t>d\\T\\. (32) 

The statement of the lemma is slightly nonstandard, but the conclusion follows directly from 
the lower semicontinuity of the mass and the convergence of the total mass (c.f. [5, Section 1.9]). 
For completeness of exposition we include a different proof at the end of this section. 

With the lemma at hand, we can prove Theorem [3l 

Proof of Theorem^ Let 8 > 0. By the definition of Aft in (Tl3"l) . we can fix a subspace A fc C 
C°°(R N ) such that 

sup J nmMTi! < X ^ T ) + S - (33) 
/eA*\{o} J l/r d \\ T \\ 

In fact, we may assume that A k C C£°(R ), since T is assumed to have compact support. By 
Lemma SI we have for i large enough 

SUP nt\2Mr\\ - SUP f-\f\2Mr\\ + S - ( 34 ) 
/eA*\{0} J \f\ 2 d\\Ti\\ f£A*\{0} J l/MI 2 ! 

Therefore, for i large enough, 

A fc (T t ) < X k (T)+25, (35) 

and 

limsup A fe (Ti) < Afc(T) + 26. (36) 

i— ¥ oo 

The theorem follows by taking 510. □ 

Theorem 4. Let Ti (i = 1,2, . . . ) and T be normal n-currents inR N . As in the previous theorem, 
assume that Ti T weakly and ||Ti||(R ) — > IjTlKR^). Additionally, we assume that for every 
e>0, eventually set (dTf) C (set (dT)) e . Then 

limsup Afc (Ti )< Afc (T). (37) 

Proof. We note that we can choose A fe C C™(R N \setdT) such that 

J\Vf\ 2 d\\T\\ . 

sup riTiiwiKrii - Afe T + s - ( 38 

/eA«\{o} J \ f\ 2 d\\T\\ 

By the hypothesis and the fact that the collection of / € Afc is compact to a scaling factor, there 
is an e > such that for all / E A k , 

(setar) e nsupp/ = 0. (39) 
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Because of our assumption on set dTi, for i large enough 

set dTi C (setdT) e/2 , (40) 

so A k is also a fc-dimensional subspace of (R N \set (dTi)) for i large enough. The remainder of 
the proof is the same as above. □ 

Since the functions correspond to the eigenvalues of the Laplace operator when the currents 
are induced by smooth manifolds, and flat convergence implies weak convergence, we immediately 
obtain Theorems [T] and [5] in the introduction. 

We will conclude this section with a proof of Lemma SJ We prove the lemma by decomposing 
1* into some well-chosen collection of small-enough cubes Q so that actually lim^oo ||Tj||(Q) = 

imi(Q). 

Proof of Lemma^ Let e > 0. Since <fr is uniformly continuous, we can pick 5 > so small that if 
\x-y\< 2VN5, then \(j)(x) - <f>(y)\ < e. 

We pick a G [0, 5) N such that ||T|| (G) = 0, where 

G := {x G R N | x m £ a m + SZ for some m = l,...,N}. (41) 

We can find such an a because for every m = 1, . . . , N, there are only countably many igK such 
that 

\\T\\({xeR N \x m =t})>0. (42) 
For b eZ N let Q b denote the cube 

Q b := {x G R N | Sbi < x x - a x < S(h + 1), . . . , Sb N < x N - a N < S(b N + 1)}. (43) 

Set 

: = U Q b = ^ N \G- (44) 
bez N 

Since O is open, by the lower-semicontinuity of the mass, 

liminf mWiO) > \\T\\(0). (45) 

Our choice of a guarantees that ||T||(G) = 0. By our assumption of convergence of the total mass 
of the space, 

Urn sup \\Ti ||(0) < lim \\Ti\\{R N ) = \\T\\(R N ) = \\T\\(0). (46) 

i — yoo i— too 

So lim^oo \\Ti\\(0) = \\T\\(0) and lim^oo \\T t \\(G) = 0. It immediately follows that 

lim ||r i ||(g b )-||T||(Q h ), (47) 

% — >oo 

for any b G Z N . 
Hence, 

/ 0d||T,|| - / <t>d\\T\\ = V ( f tdWTiW - f <t>d\\T\\) + f jdWTiW 
J J b ^N \JQ b JQ b J Jg 

= J2 (H* b )\\mQ b ) - <t>(y b )\\T\\(Q b )) + f <Mmn 



(48) 
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by the mean value theorem, for some x b and y b in Q b . Consequently, 
ct>d\\Ti\\ - f ct>d\\T\\ 



< W) - ^y b )\\\n\(Q b ) 

+ E \<f>(y b )\\m\\(Q b )-\\T\\(Q b )\ 

bGZ N 

+ sup|0|||T i ||(G) 

<e\\T i \\(0) + V sup I^HllTilKQ^-llTlKQ^I+supHllTilKG). 

■yeQ" 

(49) 

(50) 
□ 



Since <p is compactly supported, only finitely many terms contribute to the sum. Hence, 



<t>d\\Ti\\ - / <t>d\\T\ 



<e\\T\\(0). 



lim sup 

i— >oo 

Since e was arbitrary, the lemma is proved 

4 Examples 

The following example shows that if we lift the condition that H^H (R^) -> ||T'||(R JV ), the lower 
semicontinuity fails in general. 



Example 1. Consider first for e > the functions x e : [0, 4] 



given by 



i +2e 6, am 1+2e 



x e (t) = < 



(2-*) (cos^M-3)+(t-l)( 
3 _ cos \ +2£ sin \ +2e 



3 — cos 



l+2e 



sin 



l+2c 



((4-*) (3 - cos^i) + (i-3) (cos^ - 3) ,sin^) , t G [ 



f e [0,1], 
te [1,2], 
te [2,3], 

* G [3,4]. 



(51) 



We sketched the image ofx e in Figure]]^ Since these functions are not smooth, we consider instead 
the functions x e = x e * p e 2, where p € i = e p(x/e ), and p G C^°(R) is a standard, symmetric 
mollifier. For fixed e > 0, the functions x e parametrize a smooth one- dimensional Riemannian 
manifold M e in R 2 , with the orientation induced by the parametrization, and therefore they induce 
currents T e — [\M e \]. 















W :: 


: W 



Figure 1: Image of defined in ([51]), with e = 0.02 

As e J, 0, T £ — 1 T weakly as currents, where T is the sum of a current induced by a unit 
circle centered at (—3,0), and a current induced by a unit circle centered at (3,0), both with 
counterclockwise orientation. 
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The eigenvalues of the Laplace operator on a compact one- dimensional manifold parametrized 
by a smooth Jordan curve are — {2ir\k/2\/L) 2 , for k = 1,2, where L is the total arclength of the 
Jordan curve. 

If a Riemannian manifold M can be divided into two disjoint components Mi and M%, the 
eigenvalues of M are the eigenvalues of 'Mi together with the eigenvalues 0/M2, where eigenvalues 
are repeated according to multiplicity. 

Going back to our example, this implies that 



A fc (T e ) = ^ L J , k = l,2,..., (52) 



with L e the total length of M e , and 



A»(T)=< M( ™ I ■ *-M (53) 



27T 

In particular, with Lemma\7\ because L e is uniformly bounded above, 

limsu P A 2 (T e ) >0 = A 2 (T), (54) 
40 

showing that in this case, the function A 2 is not upper semicontinuous. 

The next example shows that without further assumptions, we cannot expect the eigenvalues 
of the Laplace operator on the manifolds to behave continuously under flat convergence of the 
induced currents. 

Example 2. If we revolve the parametric curve of x e (t), t € [1/2,5/2] around the x-axis, we 
obtain two-dimensional manifolds N e whose induced currents S e provide an example that shows 
that in general, we cannot expect continuity of the eigenvalues. Beale {!]/ and Fukaya JSjj studied 
similar examples. Their results imply that 

hmA 3 (S e ) = (J) 2 , (55) 

the negative of the first eigenvalue of the Laplace operator on [—2, 2] with Dirichlet boundary 
conditions. Note that S e — S weakly, where S is the current induced by two unit spheres, one 
centered at (—3,0,0) and one centered at (3,0,0). Consequently, 

A 3 (5)-2> Q) 2 = hmA 3 (S e ). (56) 

The idea is that on S e , the first eigenvalue will be zero, associated with a constant eigenf unction. 
When e gets small, the second eigenvalue will be close to zero as well, and the eigenfunction 
will be almost constant on the two spheres, with a transition region in between. Finally, the third 
eigenfunction will be approximately equal to cos(nx/A)/y/e on the tube, and zero on the two spheres. 

We now consider an example in which currents induced by some Riemannian manifolds with 
boundary converge, but the associated Dirichlet problems do not. 



Example 3. We consider manifolds Mi C 



p2 



M i: =[0,l] 2 - (J B(x,Ro(i)), (57) 

with Rq : N —¥ R+ a function that we will choose later. In Figure^ we sketched M 2 . As we show 
below, we can choose Ro(i) such that the eigenvalues for the Laplace operator on Mi blow up to 
00, but as currents, [\Mi\] [\M\] weakly with M = [0, l] 2 . Consequently, in this case there is no 
upper semicontinuity of the eigenvalues of the Laplace operator. 
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Figure 2: Image of Mi as denned in (1571) . with i = 2. 



L 



Figure 3: Image of VI t, as denned in (|55|) . 



We are going to derive a Poincare inequality on a certain specific domain = (0, L) 2 \-B(0, Rq), 
see Figure [3J We choose polar coordinates (r,(f) in R 2 . The function b(r) below is such that 

n L = {(rcos0,rsin</>) |r e (0, £),</>€ (6(r), vr/2 - 6(r))}, (58) 

i/ia£ is, 



0, < r < L, 

arccos — , L < r < V2L. 



b(r): <! ' ,. r ^ r (59) 



Let u € C°°(R ), be such that u vanishes in a neighborhood of the circular arc in OQl- Using the 
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fundamental theorem of calculus, we find 

r w/2-b(r) 



I i«i 2 - r i 

Jn L JRa Jb{ 



\u\ dcbrdr 



Ro Jb(r) 
s/2L r K/2-b(r) 



Jr Jb(r) Jro dr ^' 



'Ro Jb(r) 
~^/2L r n/2-b(r) 



I ds 



d(j)rdr 



< 



/ / {r-Ro) \S7u\ 2 (s,(f>)-dsd(j)rdr 

JRa h(r) J R a s 



< 



Ro 



V2L rr rn/2-b(r) 



(60) 



Ro JRo Jb(r) 



|Vu| 2 (s, 4>)s d(j)ds(i — Ro)rdr 



^ I-V2L [-V2L nn/2-b(s) 



Jr„ jR a Jbi 

J 

Jn 



Ro JRa Jb{s) 



|Vw| 2 (s, 4>)sd(j>ds{r — Ro)rdr 



Vu\ z . 



o Jn L 



Now, let f <E C°°(]R 2 ) such that f vanishes on dMi. When we subdivide Mi in scalings and 
rotations ofSl.L, apply the above Poincare inequality and sum over all contributions, we get 



[ Iff 

J M, 



-3i 



< 



R (i) 



M, 



|V.f| s 



Therefore, 



Ai > 



Im, IV/I 

U l/l 2 



> 2 3l R (i). 



(61) 



(62) 



If we choose for instance Ro(i) = 2 5 */ 2 , the eigenvalues of Mi diverge to oo, while Mi converges 
to a solid square in the flat sense. 
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